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pi∗-KERNELS OF LIE GROUPS
KEN-ICHI MARUYAMA
Abstract. We study the group of homotopy classes of self maps of compact
Lie groups which induce the trivial homomorphism on homotopy groups. We
completely determine the groups for SU(3) and Sp(2). We investigate these
groups for simple Lie groups in the cases when Lie groups are p-regular or quasi
p-regular. We apply our results to the groups of self homotopy equivalences.
Introduction
Let [X,Y ] be the set of based homotopy classes of maps from a space X to a space
Y . We denote by Zn(X,Y ) the subset of [X,Y ] consisting of all homotopy classes
which induce the trivial homomorphism on homotopy groups in dimensions less
than or equal to n. We denote by Z∞(X,Y ) the subset of [X,Y ] consisting of all
homotopy classes which induce the trivial homomorphism on all homotopy groups.
We write Zn(X) and Z∞(X) ifX = Y for short. In stable theory the set Z∞(X,Y)
has been previously considered by Christensen [2], whereX,Y are spectra. He calls
the elements of Z∞(X,Y) ghosts. Indeed there is a conjecture by Freyd [4] which
states that Z∞(X,Y) is trivial for finite spectra. On the other hand, in the unstable
case the situation is quite different. Z∞(X,Y ) is often nontrivial, even infinite for
some spaces.
Let us consider the case where Y is an H-space. If Y is an H-complex, [X,Y ] is
an algebraic loop which is actually a group if Y is homotopy associative by a result
of James [5]. In this case, Zn(X,Y ) is a normal subgroup of [X,Y ] for any n. It
is not commutative, but nilpotent in many cases. A main object of this paper is a
study of the groups Zn(X) for simple Lie groups. We will show that these groups
have rather simple structure and can be computable in many cases. We obtain the
following theorem.
Theorem 3.3.
Z∞(SU(3)) = Zn(SU(3)) ∼= Z12 for n ≥ 5.(1)
Z∞(Sp(2)) = Zn(Sp(2)) ∼= Z120 for n ≥ 7.(2)
When G is a compact connected Lie group it is known [8] that Z∞(G) is equal
to Zn(G) for some n. The smallest such n is written sz(G) and called the stability
of a descending series {Zn(G)}. We denote by lz(G) the length of {Zn(G)}. We
also define invariants of G by szp(G) = sz(Gp) and lzp(G) = lz(Gp) respectively.
We will show that if G is p-regular or quasi p-regular, then szp(G) and lzp(G) are
determined by its rational type:
Theorem 5.1. Let G be a compact connected, simply connected simple Lie group,
H∗(G;Q) ∼= Λ(x1, ..., xr) with degxi = ni, n1 ≤ · · · ≤ nr. If G is quasi p-regular,
then szp(G) = nr for all G and
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(1) If G is not isomorphic to Spin(4n) then lzp(G) = r = rank G.
(2) If G is isomorphic to Spin(4n), then lzp(G) = r − 1 = rank G− 1.
Here we note that sz(G) ≥ szp(G) and lz(G) ≥ lzp(G) for an arbitrary prime
number p (see section 4).
We now briefly summarize the contents of this paper. In section 1 we collect some
facts about homotopy sets of H-spaces. In section 2 we determine two numerical
invariants sz(X) and lz(X) for some elementary spaces. In section 3 we consider
Zn(G) for rank 2 Lie groups SU(3), Sp(2) and G2. We completely determine the
group structures of Zn(G) for SU(3) and Sp(2) for all n. In section 4 we give p-local
consideration to Zn(G) and Z∞(G) for simple Lie groups. Then we obtain p-local
information on the invariants sz(G) and lz(G) when G is p-regular. In section 5 a
result in section 4 is generalized by using quasi p-regularity of Lie groups. In section
6 we give an application of the results in the previous sections. We will study the
groups of self homotopy equivalences and their subgroups. The groups are closely
related to the groups Zn(G) when G is a topological group. In particular, we will
determine E∞# (G), the group of homotopy classes which induce the identity on all
homotopy groups for SU(3) and Sp(2).
1. Preliminaries
In this section we fix our notation and give some general results. Throughout
this paper all spaces are connected and based. All maps and homotopies preserve
base points. We do not distinguish notationally between a map and its homotopy
class. For spaces X and Y , we let [X,Y ] denote the set of homotopy classes from
X to Y . As we noted in our introduction, if Y is a homotopy associative H-space
then [X,Y ] is a group with the binary operation obtained from the H-structure of
Y [5]. We denote this operation “+”. That is,
f + g = µY ◦ (f × g) ◦∆,
where µY : Y ×Y → Y is the H-structure of Y , f, g ∈ [X,Y ], and ∆ : X → X ×X
is the diagonal map. Then for any map h : W → X ,
(1.1) (f + g) ◦ h = f ◦ h+ g ◦ h in [W,Y ].
Let Zn(X,Y ) ⊂ [X,Y ] denote the subset which consists of elements f : X → Y
such that f∗ = 0 : πi(X)→ πi(Y ) for i ≤ n. We denote by Z
∞(X,Y ) ⊂ [X,Y ] the
subset which consists of elements f : X → Y such that f∗ = 0 : πi(X)→ πi(Y ) for
all i. We write Zn(X) for Zn(X,X) and Z∞(X) for Z∞(X,X). We call Zn(X)
the nth π∗-kernel of X .
Proposition 1.1. Let Y be a homotopy associative H-space. Then Zn(X,Y ) is a
normal subgroup of the group [X,Y ].
Proof. By (1.1), we obtain that (f + g)∗(x) = f∗(x) + g∗(x) for f, g ∈ [X,Y ] and
x ∈ π∗(X). Thus the result follows. 
Corollary 1.2. If X is a connected finite homotopy associative H-space, then
Zn(X) is a nilpotent group.
Proof. It is known that [W,X ] is a nilpotent group if W is finite-dimensional (cf.
[20]). The result follows from Proposition 1.1. 
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2. numerical invariants
In this section we define two numerical invariants related to Z∗(X). We will
investigate these invariants in later sections.
Definition 2.1. If there exists an integer t ≥ 1 such that Zn(X) = Zn+1(X) for
n ≥ t, the smallest such t is written sz(X). If no such integer exists we write
sz(X) =∞. We call sz(X) the stability of Z∗(X).
Definition 2.2. The number of strict inclusions in [X,X ] ⊃ Z1(X) ⊃ Z2(X) ⊃
· · · is denoted by lz(X). We call lz(X) the length of Z∗(X).
Remark. Clearly sz(X) ≥ lz(X). We may consider that lz(X) reflects algebraic
properties of Z∗(X) while sz(X) is a geometric invariant.
We introduce two lemmas which will be needed in the sequel.
Lemma 2.3. Let
∏r
i=1 S
ni be the product of spheres with n1 ≤ · · · ≤ nr. Then
sz(
∏r
i=1 S
ni) = nr, and lz(
∏r
i=1 S
ni) = #{n1, ..., nr} (= the number of the distinct
integers in {n1, ..., nr}).
Proof. The inclusion ∨ri=1S
ni →
∏r
i=1 S
ni induces an epimorphism on homotopy
groups. It follows that f ∈ Znr(
∏r
i=1 S
ni) implies f |∨r
i=1
Sni≃ ∗ and thus f ∈
Z∞(
∏r
i=1 S
ni). Therefore we obtain the first equality. For the second equality, note
that there exists a map ∗ × id :
∏j
i=1 S
ni ×
∏r
i=j+1 S
ni →
∏j
i=1 S
ni ×
∏r
i=j+1 S
ni
which belongs to Znj (
∏r
i=1 S
ni) but does not belong to Znj+1(
∏r
i=1 S
ni) if nj 6=
nj+1. Thus lz(
∏r
i=1 S
ni) ≥ #{n1, ..., nr}. Next assume that there exists n such
that
Znj (
r∏
i=1
Sni) % Zn(
r∏
i=1
Sni) % Znj+1(
r∏
i=1
Sni)
for some 1 ≤ j ≤ r. Then there exists f ∈ Znj (
∏r
i=1 S
ni) such that f∗ 6= 0 on
πn(
∏r
i=1 S
ni). Hence the composition pk′fik : S
nk → Snk′ is nontrivial for some
k, k′ ≤ j, where ik : S
nk →
∏r
i=1 S
ni and pk′ :
∏r
i=1 S
ni → Snk′ are the inclusion
and the projection. This is a contradiction, because the restriction f to ∨ji=1S
ni is
null homotopic. Therefore we obtain lz(
∏r
i=1 S
ni) ≤ #{n1, ..., nr} and the result
follows.

We obtain a variation of the above lemma as follows.
Lemma 2.4. Let
∏r
i=1 Bi be a product space such that Z
∞(Bi, Bj) = [Bi, Bj ], for
i 6= j.
(1) Assume that sz(Bi) = si. Then sz(
∏r
i=1Bi) = max{si}.
(2) Assume that lz(Bi) = li and Z
ik(Bi) 6= Z
ik+1(Bi) for k = 1, ..., li. Then
lz(
∏r
i=1Bi) = #{ik}, i = 1, ..., r, k = 1, ..., li.
Proof. The proof is similar to that of Lemma 2.3. 
3. Lie groups of rank 2
In this section we study Zn(X) or Z∞(X) for SU(3), Sp(2) and G2. The self
homotopy sets [X,X ] have been determined by Mimura and O¯shima [11] when X =
SU(3), Sp(2) and [G2, G2] has been determined by O¯shima up to group extension
in [16]. They have obtained the following results.
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Theorem 3.1 ([11] [16]). Relative to the standard multiplications,
[SU(3), SU(3)] ∼= Ψ(12, 1)
[Sp(2), Sp(2)] ∼= Ψ(120, 12)
The following sequence is exact.
(3.1) 0→ π14(G2)
q∗14−−→ [G2, G2]→ Ψ(2, 1)→ 0
Here Ψ(m,n) is the group with generators x, y, z and relations
xz = zx, yz = zy, zm = 1, [x, y] = zn.
By Theorem 3.1 and the results of [11]we obtain
Theorem 3.2.
Zn(SU(3)) ∼=


[SU(3), SU(3)] for n < 3
Z⊕ Z12, for 3 ≤ n < 5
Z12, for n = 5
(1)
Zn(Sp(2)) ∼=


[Sp(2), Sp(2)] for n < 3
Z⊕ Z120, for 3 ≤ n < 7
Z120, for n = 7
(2)
The torsion subgroup is generated by z in the both cases.
Proof. We have π5(SU(3)) ∼= Z, π8(SU(3)) ∼= Z12 and π7(Sp(2)) ∼= Z, π10(Sp(2)) ∼=
Z120 (see [12]). By [11], [SU(3), SU(3)] and [Sp(2), Sp(2)] are generated by
x : X
p
−→ Sn
a
−→ X(3.2)
y = id : X → X(3.3)
z : X
q
−→ Sn+3
b
−→ X,(3.4)
where n = 5 for X = SU(3) and n = 7 for X = Sp(2), p : X → Sn is the bundle
projection, q : X → Sn+3 is the projection to the top cell, a and b are generators
of the homotopy groups. Let us consider the SU(3) case. By [10] π5(SU(3)) is
generated by the element [2ι5] such that p∗([2ι5]) = 2ι5, where ι5 is the identity
class of π5(S
5). Thus a in (3.2) is equal to [2ι5]. Since we have
x∗([2ι5]) = [2ι5] ◦ p ◦ [2ι5] = 2[2ι5],
x induces a nontrivial homomorphism on π5(SU(3)). Clearly x induces the trivial
homomorphisms on π3(SU(3)) and π4(SU(3)), and hence x ∈ Z
4(SU(3) and x /∈
Z5(SU(3)). The map z induces the zero homomorphism on homotopy groups
πi(SU(3)), i ≤ 8 as z factors through S
8. Therefore, Zn(SU(3)) for n < 5 are
generated by x and z, Zn(SU(3)) for 5 ≤ n ≤ 8 are generated by z. The group
structures are obtained by Theorem 3.1.
The case where X = Sp(2) is proved by the same methods. 
Next we consider Z∞(G) for G = SU(3) and Sp(2). We can completely deter-
mine these groups. Our result is as follows.
Theorem 3.3.
Z∞(SU(3)) = Zn(SU(3)) ∼= Z12 for n ≥ 5.(1)
Z∞(Sp(2)) = Zn(Sp(2)) ∼= Z120 for n ≥ 7.(2)
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Proof. By Theorem 3.2, Z5(SU(3)) is generated by the commutator [x, y]. Since
the group structure of [SU(3), SU(3)] is induced from the multiplication of SU(3),
z = [x, y] induces z∗ = x∗ + y∗ − x∗ − y∗ = 0 on homotopy groups, and hence
we obtain (1). Next we prove (2). Let ωn denote the generator of the group
πn+3(S
n) ∼= Z24, n ≥ 5. According to [10] Proposition 4.1, Sp(2) ∧ Sp(2)/S
6 has
the following homotopy type.
S10 ∨ S10 ∪ξ C(S
13 ∨ S19) ∨ S13 ∪2ω13 e
17 ∨ S13 ∪2ω13 e
17,
where ξ = 2ω10 + 4ω10 + δ, and δ is a Whitehead product. From [12] we see
that [ν7] ◦ 4ω10 = 0. Thus the generator [ν7] of π10(Sp(2)) ∼= Z120 extends to
Sp(2) ∧ Sp(2)/S6. We denote by [ν7] an extension of [ν7]:
Sp(2) ∧ Sp(2)/S6
S10 ∨ S10 Sp(2)
'
'
'
'
')
[ν7]
u
w
0∨[ν7]
Now we consider the composition:
(3.5) Sp(2)
∆¯
−→ Sp(2) ∧ Sp(2)→ Sp(2) ∧ Sp(2)/S6
[ν7]
−−→ Sp(2),
where ∆¯ is the reduced diagonal map. By connectivity ∆¯ induces a map k which
makes the following diagram commutative.
Sp(2) Sp(2) ∧ Sp(2) Sp(2) ∧ Sp(2)/S6 Sp(2)
S10
w
∆¯
u
q
w w
[ν7]
















k
The map k is homotopic to i1 + i2 : S
10 → Sp(2) ∧ Sp(2)/S6, where i1 and i2
are the inclusions. As [ν7]k = [ν7], the composition (3.5) is homotopic to the
generator z of Z7(Sp(2)) ∼= Z120. Since ∆¯ ∈ Z
∞(Sp(2), Sp(2) ∧ Sp(2)), we obtain
z ∈ Z∞(Sp(2)). 
Corollary 3.4. sz(SU(3)) = 5, lz(SU(3)) = 2. sz(Sp(2)) = 7, lz(Sp(2)) = 2.
We obtain a corresponding result to Theorem 3.2 for G2 as follows.
Theorem 3.5.
Zn(G2) ∼=


[G2, G2], for n < 3
Z2 ⊕ Z2 ⊕ Z8 ⊕ Z21 ⊕ Z, for 3 ≤ n < 11
Z2 ⊕ Z2 ⊕ Z8 ⊕ Z21, for 11 ≤ n ≤ 14
Proof. In the exact sequence (3.1) in Theorem 3.1, π14(G2) is isomorphic to Z8 ⊕
Z2⊕Z21, and the group Ψ(2, 1) ∼= [G
11
2 , G2] is generated by the elements as follows
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[16]:
i11 : G
11
2 → G2(3.6)
q∗11,6γ
′ : G112
q11,6
−−−→ G112 /G
6
2 → G2(3.7)
q∗11j∗[ν
2
5 ] : G
11
2
q11
−−→ S11
j
−→ G2(3.8)
There exists a short exact sequence
(3.9) 0→ π14(G2)
q∗14−−→ Zn(G2)
i∗11−−→ Z⊕ Z2 → 0
for 3 ≤ n ≤ 10. If n ≤ 7, then the right term is generated by q∗11,6γ
′ and q∗11j∗[ν
2
5 ],
and if 7 < n ≤ 14 then it is generated by q∗11j∗[ν
2
5 ] and ǫq
∗
11,6γ
′, ǫ = 1 or 2.
This can be seen as follows. Since the inclusion map induces an epimorphism
πi(G
11) → πi(G) for i ≤ 13, any extensions of q
∗
11,6γ
′ and q∗11j∗[ν
2
5 ] induce the
trivial homomorphism on πi(G2) for i ≤ 7. Let α be an extension of q
∗
11,6γ
′, that
is, i∗11α = q
∗
11,6γ
′. Then by [16] Theorem 2.2, i∗11[1, α] = [i11, q
∗
11,6γ
′] = q∗11j∗[ν
2
5 ].
Thus [1, α] is an extension of q∗11j∗[ν
2
5 ] and induces the trivial homomorphism on
all homotopy groups as we saw in the proof of Theorem 3.3. Moreover it is easy to
see that 2α induces the trivial homomorphism on π8(G2) and π9(G2). Hence we
obtain the exact sequence (3.9) (note that π10(G2) = 0). Now by [16],
[α, [1, α]] = 0
Therefore, Zn(G2), 3 ≤ n ≤ 10 are abelian groups. On the other hand,
G2 → G2/G
9
2 ≃ S
11 ∨ S14 → S11
j∗[ν
2
5 ]−−−−→ G2
is also an extension of q∗11j∗[ν
2
5 ] of order 2. Therefore, the above exact sequence
(3.9) splits. By [15] Lemma 5.8 q¯∗11,6γ = 4γ
′, where γ : S11 → G2 is a generator
of the direct summand Z of π11(G2), and q¯11,6 : G
11
2 /G
6
2 → S
11 is the projection
map. Therefore an arbitrary extension of q∗11,6γ
′ to Zn(G2) induces a nontrivial
homomorphism on π11(G2). The homotopy groups πn(G2) are zero for n = 12, 13.
Now by definition we have q∗14(π14(G2)) ⊂ Z
14(G2). As [1, α] induces the trivial
homomorphism on all the homotopy groups, the result follows. 
4. p-local cases
For a set of prime numbers P and a nilpotent space (or group) X , we denote by
XP its P -localization. In particular, let X0 denote the rationalization of a nilpotent
space (or group) X . If X is a finite H-space, its rational cohomology H∗(X ;Q) is
isomorphic to Λ(x1, ..., xℓ), the exterior algebra over Q with degxi odd. We call ℓ
the rank of X and (degx1,...degxℓ) the type of X . It is known that X0 is homotopy
equivalent to
∏ℓ
i=1 S
degxi
0 . Let us begin with definitions of the local stability and
the local length of Z∗(X).
Definition 4.1. Let X be a nilpotent space, P a set of prime numbers . We define
two invariants of X by szP (X) = sz(XP ) and lzP (X) = lz(XP ).
We recall two results of [8].
Lemma 4.2 ([8]). Let X be a homotopy associative finite H-space, P a set of
prime numbers.
(1) sz(X) and lz(X) are finite.
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(2) Zn(X)P ∼= Z
n(XP ) for any n > 0 and n =∞.
(Thus szP (X) and lzP (X) are finite.)
Remark. We remark that if X is a homotopy associative finite H-space, then
sz(X) = maxp{szp(X)} and lz(X) = maxp{lzp(X)}.
We now completely determine the odd primary part of the group Z∗(G2).
Theorem 4.3. Z∞(G2)(odd) = Z
n(G2)(odd) ∼= Z21 for n ≥ 11.
Proof. Since Z11(G2)(odd) ∼= Z21, we only have to consider the 3 and 7 primary
cases. First we consider the case when p = 3. It is known that (G2)3 is equivalent
to the principal S3-bundle over S11 with the characteristic element α2. Thus G2
at 3 has the following cell structure:
S3 ∪α2 e
11 ∪ρ S
14
By results of James [6] Σρ is homotopic to Σi ◦ J(χ), where i : S3 → G2, and J(χ)
is the J-image of the characteristic element χ ∈ π10(O(4)) of the bundle. Therefore
J(χ) = α1(4) ◦ α2(7) or 0 by [19]. By using the fact that α1(7) ◦ α2(10) = 0 [19],
Σ4ρ is trivial. Consider the following homotopy commutative diagram.
G2 G2 × S
11 G2 ∧ S
11
(G2 × S
11)14 S3 ∧ S11
w
(1×p11)∆
'
'
'
'
'
')
((1×p11)∆)
′
w
∧
u
w
∧
′
u
(4.1)
where ∆ is the diagonal map, ∧ is the projection and p11 is the bundle projection,
((1 × p11)∆)
′ and ∧′ are maps induced from (1 × p11)∆ and ∧ by dimensional
reasons. Clearly ∧′ ◦ ((1× p11)∆)
′ is homotopic to q, the projection map to the top
cell. As we saw that Σ4ρ = 0, (G2 ∧ S
11)3 ≃ (S
14 ∪α2 e
22 ∨ S25)3. From the result
in the previous section we see that Z11(G2)3 ∼= Z3 is generated by the composition:
q∗(α3) : G2 → S
14 α3−→ G2
Since π21(G2) = 0 [9], α3 extends to S
14 ∪α2 e
22, namely we obtain the following
commutative diagram localized at 3.
S14 ∪α2 e
22
S14 G2
S21
[
[
[
[℄
α3
u
wα3
u
α2
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We have the following commutative diagram at 3:
(4.2)
G2 G2 × S
11 G2 ∧ S
11
(G2 × S
11)14 S3 ∧ S11 G2
w
(1×p11)∆
'
'
'
'
'
')
((1×p11)∆)
′
w
∧
'
'
'
'
'
')
α3∨0
u
w
∧
′
u
w
α3
Here we should note that G2 ∧ S
11 is 3-equivalent to S14 ∪α2 e
22 ∨ S25. In (4.2),
the lower composition is homotopic to q∗(α3), and the upper composition is an
element of Z∞(G2) since ∧ induces the trivial map on homotopy groups. Thus we
obtain the result for p = 3. For p = 7, G2 is 7-equivalent to the product S
3 × S7,
and hence it easily follows that Z∞(G2)7 ∼= Z
∞((G2)7) ∼= Z
∞((S3 × S11)7) ∼=
Z∞(S3 × S11)7 ∼= Z
11(S3 × S11)7 ∼= Z7 by Lemma 2.3 and Lemma 4.2. 
Corollary 4.4. sz(odd)(G2) = 11, lz(odd)(G2) = 2
Next we will study Z∞(G)p, szp(G) and lzp(G) for compact Lie groups. By
using Lemma 4.2 we can obtain a finiteness property of Z∞(G) for compact Lie
groups G.
Proposition 4.5. Let G be a compact connected, simply connected simple Lie
group, then Z∞(G) is finite if and only if G is isomorphic to one of the following
groups:
(1) SU(n) n < 8
(2) Spin(n) n < 29
(3) Sp(n) n < 14
(4) Exceptional Lie groups other than E6
Proof. As G0 is homotopy equivalent to
∏r
i=1 S
ni
0 , where n1 ≤ · · · ≤ nr and ni
is an odd integer, Z∞(G)0 is isomorphic to Z
∞(
∏r
i=1 S
ni
0 ). The latter group is
isomorphic to the subgroup of [
∏r
i=1 S
ni
0 ,
∏r
i=1 S
ni
0 ]
∼= ⊕ri=1H
ni(
∏r
i=1 S
ni
0 ) gener-
ated by decomposable elements of dimensions ≤ nr. Our result is derived from the
rational types and observation of the Poincare´ polynomials of these groups. 
Remark.
(1) If G is a compact connected, simple Lie group then Z∞(G) is finite if and
only if Z∞(G˜) is finite, where G˜ is the universal cover of G. For example,
Z∞(SO(n)) is finite if and only if Z∞(Spin(n)) is finite.
(2) We also see easily that Z∞(U(n)) is finite if and only if n < 5.
In the above proposition we used 0-regularity of Lie groups. Next we apply p-
regularity of Lie groups to obtain information on sz(G) and lz(G).
Proposition 4.6. Let G be a compact connected, simply connected simple Lie
group. If G is p-regular, namely Gp is homotopy equivalent to a product space∏r
i=1 S
ni
p , where n1 ≤ · · · ≤ nr and ni is an odd integer, then szp(G) = sz0(G),
lzp(G) = lz0(G). Thus szp(G) = nr for all G and
(1) If G is not isomorphic to Spin(4n) then lzp(G) = r = rank G.
(2) If G is isomorphic to Spin(4n), then lzp(G) = r − 1 = rank G− 1
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Proof. It is clear from Lemma 2.3 and Lemma 4.2 that szp(G) = sz0(G) = nr
and lzp(G) = lz0(G) for any p-regular Lie group G. Let us consider the case
G = Spin(2n). If Spin(2n) is p-regular, then
Spin(2n)p ≃
n∏
i=2
S4i−5p × S
2n−1
p .
Therefore
lzp(Spin(2n)) = #{3, 7, ..., 4n− 5, 2n− 1} =
{
n if n is odd,
n− 1 if n is even
The remaining cases are similar. 
Remark
(1) By the results of [7] and [18] we obtain the following
If p > n− 1, szp(SU(n)) = 2n− 1 and lzp(SU(n)) = n− 1
If p > 2n− 1, szp(Sp(n)) = 4n− 1 and lzp(Sp(n)) = n
If p > n−2, szp(Spin(2n−1)) = 4n−5 and lzp(Spin(2n−1)) = n−1
If p > n−2 and n odd, szp(Spin(2n)) = 4n−5 and lzp(Spin(2n)) = n
If p > n− 2 and n even, szp(Spin(2n)) = 4n− 5 and lzp(Spin(2n)) =
n− 1
If p > 5, szp(G2) = 11 and lzp(G2) = 2
If p > 11, szp(F4) = 23, szp(E6) = 23 and lzp(F4) = 4, lzp(E6) = 6
If p > 17, szp(E7) = 35 and lzp(E7) = 7
If p > 29, szp(E8) = 59 and lzp(E8) = 8
(2) Since SO(n)p ≃ Spin(n)p for an odd prime p, we obtain in this case
szp(SO(n)) = szp(Spin(n)), lzp(SO(n)) = lzp(Spin(n)).
(3) It is known that U(n) is homeomorphic to S1 × SU(n). There exists the
following exact sequence
0→ [S1 ∧ SU(n), SU(n)]→ Zi(S1 × SU(n))→ Zi(SU(n))→ 0
for i > 1. Thus sz(U(n)) = sz(SU(n)) for n > 1, and lz(U(n)) =
lz(SU(n)) + 1.
5. Quasi p-regularity
In the previous section we studied the group Z∗(G)p for the case where G is
p-regular. In this section we will generalize Proposition 4.6. We will show that
p-regularity can be replaced by quasi p-regularity. Quasi regularity of Lie groups
has been studied in [14] and [12]. Let Bn(p) be the S
2n+1-bundle over S2n+2p−1 de-
termined by the generator α1 of π2n+2p−2(S
2n+1) ≃ Zp. Bn(p) has a cell structure
of the form
S2n+1 ∪α1 e
2n+1+2(p−1) ∪ e4n+2+2(p−1).
A Lie group G is called quasi p-regular if and only if G is homotopy equivalent to
a product of spheres and Bn(p)’s at a prime p:∏
Smip ×
∏
Bnj (p)p ≃ Gp
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Theorem 5.1. Let G be a compact connected, simply connected simple Lie group,
H∗(G;Q) ∼= Λ(x1, ..., xr) with degxi = ni, n1 ≤ · · · ≤ nr. If G is quasi p-regular,
then szp(G) = nr for all G and
(1) If G is not isomorphic to Spin(4n) then lzp(G) = r = rank G.
(2) If G is isomorphic to Spin(4n), then lzp(G) = r − 1 = rank G− 1.
In the remaining of this section all spaces are localized at a prime number p
which we are considering. For example, Bn(p) means Bn(p)p. We quote from [19]
Proposition 5.2. Let p be an odd prime. Then
π2n+1+2k(p−1)−2(S
2n+1) ∼= Zp for 1 ≤ n < k, and k = 2, · · · , p− 1
π2n+1+2k(p−1)−1(S
2n+1) ∼= Zp for k = 1, 2, ..., p− 1, n ≥ 1,
π2n+1+t(S
2n+1) = 0 otherwise for t < 2p(p− 1)− 2.
Lemma 5.3. Let p be an odd prime. If [S2n+1 ∪α1 e
2n+2p−1, X ] = 0, then q∗ :
[S4n+2p, X ]→ [Bn(p), X ] is surjective.
Proof. The result is clear from the following exact sequence.
(5.1) [S4n+2p, X ] [Bn(p), X ] [S2n+1 ∪α1 e
2n+2p−1, X ]w
q∗
w
j∗
Here the sequence is induced by the cofibration. 
Lemma 5.4. Let p be an odd prime , n a positive integer less than p and m be a
positive integer such that n 6= m and n−m + p − 1 6= 0. Let q : Bn(p) → S
4n+2p
be the projection map to the top cell. Then
q∗ : [S4n+2p, S2m+1]→ [Bn(p), S
2m+1].(1)
q∗ : [S4n+2p, Bm(p)]→ [Bn(p), Bm(p)].(2)
are surjective.
Proof. First note that 2(n−m) < 2p− 3 and 2n+1 < 2m+2p− 1. It follows that
π2n+1(S
2m+1) = 0, π2n+1(S
2m+2p−1) = 0(5.2)
By using the fibration
S2m+1 → Bm(p)→ S
2m+2p−1(5.3)
we also have π2n+1(Bm(p)) = 0, and hence we obtain the exact sequence
[S2n+2, X ]
α∗1−−→ [S2n+2p−1, X ]→ [S2n+1 ∪α1 e
2n+2p−1, X ]→ 0(5.4)
for X = S2m+1 or Bn(p). As 2n−2m+2p−2 < 2p(p−1)−2, we apply Proposition
5.2. If π2n+2p−1(S
2m+1) is nontrivial, then there must be an integer k > m such
that
2n− 2m+ 2p− 2 = 2k(p− 1)− 2.
Thus (n − m) > m(p − 1) − p, and hence n > p(m − 1). Since p > n, we have
m = 1. Therefore, if m > 1 then the homotopy group π2n+2p−1(S
2m+1) is trivial,
so we see that π2n+2p−1(Bm(p)) is trivial from the fibration (5.3). Thus [S
2n+1∪α1
e2n+2p−1, X ] = 0 for X = S2m+1 or Bn(p) for m > 1 by (5.4). If m = 1, then
n − 1 = k(p − 1) − p. Since p > n, we have p − 1 > k(p − 1) − p, so k = 2
and n = p − 1. Since π2p(S
3) is isomorphic to Zp generated by α1, π4p−3(S
3) is
isomorphic to Zp generated by α
2
1 [19], the homomorphism
[S2p, S3]
α∗1−−→ [S4p−3, S3]
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is an epimorphism, thus we obtain that [S2p−1 ∪α1 e
4p−3, S3] = 0 by (5.4). Finally,
π4p−3(B1(p)) is trivial by the fibration (see [14]):
S3 → B1(p)→ S
2p+1.
Hence [S2p−1 ∪α1 e
4p−3, B1(p)] = 0. Now Lemma 5.4 follows from Lemma 5.3. 
The following result follows from the results of [6].
Lemma 5.5 ([13]). Σ2Bn(p) ≃ S
2n+3 ∪α1 e
2n+2p+1 ∨ S4n+2p+2.
By using Lemma 5.5 we obtain the next lemma which will play an essential role
in the remaining of this section.
Lemma 5.6. If π4n+4p−3(X) = 0, then Imq
∗ ⊂ Z∞(Bn(p), X) for a space X,
where q∗ : [S4n+2p, X ]→ [Bn(p), X ].
Proof. Our argument is analogous to that of the proof of Theorem 4.3. There exists
a commutative diagram similar to (4.1).
(5.5)
Bn(p) Bn(p)× S
2n+2p−1 Bn(p) ∧ S
2n+2p−1
(Bn(p)× S
2n+2p−1)4n+2p S2n+1 ∧ S2n+2p−1,
w
(1×pn)∆
 
 
 
 
 
 
 
 
 
((1×pn)∆)
′
w
∧
u
w
∧
′
uu
where pn : Bn(p) → S
2n+2p−1 is the bundle projection, ((1 × pn)∆)
′ is a map
induced by (1 × pn)∆. If π4n+4p−3(X) = 0, any map a : S
4n+2p → X extends to
Bn ∧S
2n+2p−1 ≃ S4n+2p ∪α1 e
4n+4p−2 ∨S6n+4p−1. The lower map ∧′((1× pn)∆)
′ :
Bp(n)→ S
4n+2p is homotopic to ǫ ·q : Bn(p)→ S
4n+2p, where ǫ is an integer prime
to p.
(5.6)
Bn(p) S
4n+2p ∪α1 e
4n+4p−2 ∨ S6n+4p−1
S2n+1 ∧ S2n+2p−1 X
w
∧(1×pn)∆
 
 
 
 
 
 
 
 
∧
′((1×pn)∆)
′
 
 
 
 
 
 
 
 
 
a∨0
u
w
a
The upper composition in (5.6) induces the zero on homotopy groups as ∧ does.
Therefore the lower composition in (5.6) induces the trivial map on homotopy
groups and so q∗(a) ∈ Z∞(Bn(p), X). 
Lemma 5.7. Let p be an odd prime, n and m be positive integers with n 6= m.
(1) szp(Bn(p)) = 2n+ 2p− 1 and lzp(Bn(p)) = 2 for n ≤ 2p− 3, p ≥ 5,
and for n ≤ 2, p = 3.
(2) Z∞(Bn(p), Bm(p)) = [Bn(p), Bm(p)] for m,n < p, p ≥ 3.
(3) Z∞(Bn(p), S
2m+1) = [Bn(p), S
2m+1] for n < p, n−m+ p− 1 6= 0,m ≥ 3,
p ≥ 5.
(4) Z∞(B1(p), S
5) = [B1(p), S
5] for p ≥ 3.
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Proof. (1). We consider the diagram as follows.
(5.7)
[S2n+1, Bn(p)]
[S4n+2p, Bn(p)] [Bn(p), Bn(p)] [S
2n+1 ∪α1 e
2n+2p−1, Bn(p)]
[S2n+2p−1, Bn(p)]
w
q∗
w
j∗
u
u
[S2n+1, Bn(p)] = π2n+1(Bn(p)) is isomorphic to Z(p), the integers localized at p.
And [S2n+2p−1, Bn(p)] = π2n+2p−1(Bn(p)) is also isomorphic to Z(p). Easily we see
that
[S4n+2p, Bn(p)]
q∗
−→ Z2n+2p−1(Bn(p))
is surjective. If n ≤ 2p−3 and p ≥ 5, then π4n+4p−3(Bn(p)) is trivial by Proposition
5.2, and hence we obtain (1) by Lemma 5.6. By (5.7) lzp(Bn(p)) = lz0(Bn(p)) and
the assertion for lz0(Bn(p)) is obtained by Lemma 2.4. Since we see easily that
π13(B1(3)) = 0 and π17(B2(3)) = 0, the p = 3 case is similar.
(2). According to Oka[14], π4n+4p−3(Bm(p)) = 0 for m,n < p and p ≥ 3. If n 6= m,
we obtain (2) from Lemma 5.4 and Lemma 5.6.
(3). As 4n+ 4p− 2m− 4 < 2p(p− 1)− 2 for m ≥ 3, we apply Proposition 5.2 and
obtain (3) by Lemma 5.4 and Lemma 5.6.
(4). (4) also follows from Proposition 5.2, Lemma 5.4 and Lemma 5.6. 
Now we will prove the main theorem in this section.
Proof. (Proof of Theorem 5.1). By Theorem 4.2[13], G is quasi p-regular if and
only if
p > n for Sp(n)
p >
n
2
for SU(n)
p >
n− 1
2
for Spin(n)
p ≥ 5 for G2, F4, E6
p ≥ 11 for E7, E8.
The assertion for classical groups SU(n), Sp(n) follows from Lemma 5.7, Lemma
2.4 and the following homotopy equivalences [14].
n∏
k=1
Bk(p)p ×
p−1∏
k=n+1
S2k+1p
∼= SU(n+ p)p for n < p,
n∏
k=1
B2k−1(p)p ×
(p−1)/2∏
k=n+1
S4k−1p
∼= Sp(n+ (p− 1)/2)p for n < (p− 1)/2.
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For the Spin(n) case, we use the following equivalences for an odd prime p (see
[13]).
Spin(2n+ 1)p ∼= Sp(n)p
Spin(2n)p ∼= Spin(2n− 1)p × S
2n−1
p .
Moreover, our assertion for the exceptional Lie groups follows from Lemma 5.7,
Lemma 2.4 and by the results of [13] except for the cases G = F4, p = 5, G =
E6, p = 5, G = E8, p = 11, p = 13. For these cases there exist equivalences as
follows [12].
(F4)5 ∼= (B1(5)×B7(5))5
(E6)5 ∼= (B1(5)×B4(5)× B7(5))5
(E8)11 ∼= (B1(11)×B7(11)×B13(11)×B19(11))11
(E8)13 ∼= (B1(13)×B7(13)×B11(13)×B17(13))13
We easily see that all sets [Bn(5), Bm(5)], n 6= m, n,m ∈ {1, 4, 7} are trivial except
for the case where n = 4,m = 1. Thus Z∞(F4)5 = Z
23(F4)5 by Lemma 5.7 (1)
and Lemma 2.4. On the other hand, [B4(5), B1(5)] is equal to q
∗π26(B1(5)) which
is nontrivial (∼= Z5). According to [14], π33(B1(5)) = 0 and we apply Lemma 5.6
and obtain Z∞(B4(5), B1(5)) = [B4(5), B1(5)]. By Lemma 5.7 (1) and the last
equality, we obtain Z∞(E6)5 = Z
23(E6)5. We have [Bn(11), Bm(11)] = 0 for n,m
such that n 6= m and n,m ∈ {1, 7, 13, 19} except for [B13(11), B7(11)] and also
we have [Bn(13), Bm(13)] = 0 for n,m such that n 6= m and n,m ∈ {1, 7, 11, 17}
except for [B17(13), B11(13)]. The sets [B13(11), B7(11)] and [B17(13), B11(13)] are
both q∗-images. Since π93(B7(11)) = 0 = π117(B11(13)), Z
∞(B13(11), B7(11)) =
[B13(11), B7(11)] and Z
∞(B17(13), B11(13)) = [B17(13), B11(13)] by Lemma 5.6,
and hence we obtain the E8 case. For the assertion for lzp(G), we should note that
in any quasi p-regular type of our G:
Gp ≃
∏
Smip ×
∏
Bnj (p)p,
all homotopy sets [Smi , Bnj ] are trivial for dimensional reasons. Therefore we obtain
the result for lzp(G) by Lemma 2.4 and Lemma 5.7 (1) (and its proof). 
We close this section with a question on the stability.
Question. Is Theorem 5.1 generalized to all p ? More precisely, for a compact,
connected simply connected simple Lie group with H∗(G;Q) ∼= Λ(x1, ..., xr) with
degxi = ni, n1 ≤ · · · ≤ nr, sz(G) = nr?
6. Application
In this section, we will study the groups of self-homotopy equivalences of Lie
groups and their subgroups associated to homotopy groups. We will apply the
results in the previous sections to determine these groups.
Definition 6.1. Let us denote by En#(X) the group of homotopy classes of self-
homotopy equivalences which induce the identity map on πi(X) for i ≤ n.
Theorem 6.2. E∞# (SU(3)) = E
n
#(SU(3))
∼= Z12 for n ≥ 5, E
∞
# (Sp(2)) = E
n
#(Sp(2))
∼=
Z120 for n ≥ 7.
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Proof. There exists a bijection
(6.1) T : Zn(X)→ En#(X)
defined by f → 1 + f for a homotopy associative H-space X . Thus by Theorem
3.3 En#(SU(3)) = E
n+1
# (SU(3)) for n ≥ 5 and E
n
#(Sp(2)) = E
n+1
# (Sp(2)) for n ≥ 7.
The group structures are obtained by the results of [17] (or [11]). 
More generally we obtain the following theorem which is corresponding to Theo-
rem 5.1. We note that En#(X), n ≥ dimX , is a nilpotent group for a finite nilpotent
space by [3].
Theorem 6.3. Let G be a compact connected, simply-connected simple Lie group,
H∗(G;Q) ∼= Λ(x1, ..., xr) with degxi = ni, n1 ≤ · · · ≤ nr. Assume that G is quasi
p-regular.
(1) E∞# (G)p = E
dimG
# (G)p.
(2) Moreover, if G = SU(n) or Sp(n), then Enr# (G) is a nilpotent group and
E∞# (G)p = E
nr
# (G)p.
Proof. (1) If n ≥ dimG, then En#(G)p
∼= En#(Gp), see [8]. Thus the result follows
from the bijection T in (6.1) and Theorem 5.1.
(2) If G = SU(n) or Sp(2), then H∗(G) is torsion free. Therefore E
nr
# (G) acts on
homology nilpotently, hence by a result of [3] it is a nilpotent group. If Enr# (G)p
∼=
Enr# (Gp), we obtain
E∞# (G)p = E
∞
# (Gp) = E
nr
# (Gp) = E
nr
# (G)p.
Thus it suffices to show the following assertion.
Assertion. The natural map Enr# (G) → E
nr
# (Gp) is the localization for the
above prime p.
In the remaining we will prove this assertion. Consider the following commuta-
tive diagram:
(6.2)
Enr# (G) E
nr
# (Gp)
E∞# (G) E
∞
# (Gp) E
dimG
# (Gp)
w
w
u
j∗
u
j∗
w
∼=
'
'
'
'
'*
∼=
As we saw in the proof of (1), j∗ : E
∞
# (Gp) → E
nr
# (Gp) is an isomorphism, and
E∞# (G) → E
∞
# (Gp) is the localization. Thus by (6.2), E
nr
# (G)p → E
nr
# (Gp) is an
epimorphism. We also have the following commutative diagram:
(6.3)
Znr(Gp) E
nr
# (Gp)
Znr (G) E
nr
# (G)
w
T
w
T
u
u
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where the vertical maps are homomorphisms induced by p-localization, the left map
is the localization at p by Lemma 4.2 (2). Let q be a prime number and Sq be the
q-Sylow subgroup of the subgroup of all the torsion elements of Znr(G). We have
the following equalities.
T (x) ◦ T (y) = (1 + y + x ◦ (1 + y)),
T ((−x) ◦ (1 + x)−1) ◦ T (x) = 1.
For any x, y ∈ Sq. Thus T (Sq) is a subgroup of E
nr
# (G) of order |Sq| since T is
bijective. Moreover if q1 and q2 are different primes, then T (Sq1×Sq2) is a subgroup
of order |Sq1×Sq2 |. Thus, if x is a torsion element of order |x| and |x| is prime to p,
then the order of T (x) is prime to p. It follows that the kernel of the homomorphism
Enr# (G) → E
nr
# (Gp) is a finite subgroup whose order is prime to p, so the map is a
localization map at p. 
Remark. Arkowitz and Strom [1] computed E∞# (G)p when G is p-regular in
many cases.
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